Hawking radiation [1], the spontaneous emission of radiation by a black hole, is one of the most important discoveries of the XXth century, uniting gravity and thermodynamics, and providing a key insight into the as yet undiscovered theory of quantum gravity. In 1981, Unruh showed that analogs of Hawking radiation could be found in material systems in which a background flow induces an effective horizon for the quasi-particles [2] . The possibility of demonstrating Hawking-like radiation in optics [3] has attracted much attention. The idea is that a short pulse induces, through the Kerr nonlinearity, a refractive index change δ n which gives rise to an effective horizon for a probe wave at another frequency. Despite considerable progress, both theoretical and experimental [4, 5] , demonstration of Hawking-like radiation in optics remains elusive because of the requirement of an ultra-high peak power and ultra-short background pulse, combined with the expected smallness of the rate of pair production.
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Independently of the above, it has been noticed that 4th-order dispersion can give rise to phase matching in a small frequency band well separated from a cw background, and thereby to a localised modulational instability [6] . Here we show, through a combination of novel theoretical tools and numerical simulations, that such 4th-order dispersion-induced phase matching can dramatically increase (by a factor ∼ 10 6 ) the rate of analog Hawking radiation in optical waveguides. For concreteness we consider a silicon nitride waveguide of rectangular cross section (height 0.5μm, width 1.2μm) whose dispersion and effective nonlinearity γ 3/Wm are computed numerically. The very low losses of silicon nitride waveguides (less than 1dB/m) are neglected. This waveguide has negative dispersion in the vicinity of ω = 2PHz. It also has considerable higher-order disperion: for a cw pump wave at frequency ω = 2PHz, the 4th-order dispersion-induced modulational instability would occur in a narrow frequency band at a detuning of ±0.83PHz.
In our simulations, the background is a soliton centered on frequency 2PHz with width in the range 10fs, corresponding to a peak power of ∼ 400W. If the dispersion relation were purely quadratic, the solition would be an exact stationary solution of the Non-Linear Schrödinger Equation (NLSE). Because of the higher-order dispersion, the soliton is only an approximate solution to the NLSE, albeit a very good one, as we have verified. We then linearise the NLSE around the background induced by the soliton. The corresponding equation is a firstorder equation in z (the distance along the waveguide), independent of τ (the co-moving time), which couples positive-and negative-norm solutions. (This approach goes beyond the approximations made in previous works, see e.g. [5] , which in effect missed the above-mentioned phase matching). Depending on the detuning Δω, and due to the higher-order dispersion, the linearised NLSE will couple 2, 4, or 6 modes in such a way that the effective wavenumber is conserved. The mixing between the positive-and negative-norm waves encodes the production of entangled photon pairs.
We find that the soliton induces a significant production of photons, one in each of two frequency ranges peaked at −0.84PHz and 0.78PHz. With respect to the case of a cw pump wave, there is now spectral broadening of the 4th-order dispersion modulational instability due to the spectral width of the soliton. The rate of production, when integrated over all frequencies, is ∼ 7.5 10 −2 mm −1 , which for a 1cm waveguide would correspond to a rate of almost one pair per soliton. This puts the effect clearly within measurable range, and would provide a very clear signal of the spontaneous production of entangled pairs of photons induced by a soliton.
